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Logistics

Announcements 
‣ PA3 is due this Wednesday, 11:59pm 

Last Lecture 

‣ Sequential Problems 

‣ Recurrent Neural Networks 

‣ Hidden State 

‣ Forward Pass 

‣ Backward Pass (structure)
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Lecture Outline

‣ Backpropagation 

‣ Implementing RNNs 

‣ Vanishing/Exploding Gradients 

‣ LSTMs & GRUs 

‣ Bidirectional RNN 

‣ Deep RNNs
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Wy

  Wh

x<t>

RNN

̂y<t>

  Wx

h<t> =  h<t−1>

RNNs process each input element  at a time, keeping a 
state (vector)   that is updated at each time step  to 
produce the output 

x<t>

h<t> t
y<t>

‣ : hidden layer activation function (tanh/relu) 

‣ : output layer activation function (sigmoid/softmax)

g1

g2

̂y<t> = g2(Wyh<t> + by)

Whh<t−1>+ Wxx<t> + bh

  h<t>

g1( )

Recurrent Neural Networks (RNNs)

Elman, J. L. (1990). Finding Structure in Time. Cognitive Science, 14(2), 179–211. 
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Types of RNNs
Many to Many (Seq2Seq)

Example 
Machine Translation

Many to one

Example 
Sentiment Analysis

Many to Many

Example 
Named Entity Recognition

One to many 

Example 
Image Description

one to one 

MLP
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Language Model

cool 
interesting 
… 
classroom 
university 

This lecture is very 

A Language Model predicts the next word (or character) from a textual context.

P(x5 |x1, x2, x3, x4)

0.31
0.28

0.05
0.01

context {x1, x2, x3, x4}

Language Modeling is a fundamental problem in Natural Language Processing!
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Q W E R T Y U I O P

A S D F G H J K L

Z X C V B N M

space return123

class course campus

Hello, welcome to the

Applications of Language Models
We can use a Language Model to implement autocompletion in mobile keyboards:



P(                                                            ) =  0.1

P(                                                            ) =  0.23

Applications of Language Models
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“The apple and pear salad?”

We can use a Language Model to compute the probability of a given sentence when 
decoding audio for speech recognition :

“The apple and pair salad?”
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Language Model: Dataset

Universidade Federal de Viçosa

A Universidade Federal de Viçosa (UFV) é 
uma universidade pública brasileira, com 
sua sede localizada na cidade de Viçosa, 
no estado de Minas Gerais, 
possuindo campus também nas cidades 
de Rio Paranaíba e Florestal. 

https://pt.wikipedia.org/wiki/

A Universidade Federal de Viçosa (UFV) é

Universidade Federal de Viçosa (UFV) é uma

universidade pública brasileira , com sua sede

pública brasileira , com sua sede localizada

na cidade de Viçosa , no estado

cidade de Viçosa , no estado de

Minas Gerais , possuindo campus também nas

Gerais , possuindo campus também nas Cidades

de Rio Paranaíba e Florestal . <PAD>

Rio Paranaíba e Florestal . <PAD> <PAD>

Collect a giant volume of text (e.g., wikipedia) and create examples 
 using a sliding window (e.g., size )(x, y) j = 8

x(1)

y(1)

x(2)

y(2)

x(3)

y(3)

x(4)

y(4)

x(5)

y(5)



Representing words as vectors
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Vocabulary
1 a

198015 is

223061 lucas

314876 professor

466549 zulu

X Lucas is a professor

x<1> x<2> x<3> x<4>

One of the simplest strategies to represent works as vectors is the one-hot encoding:

0

0

1

0

0

0

1

0

0

0

1

0

0

0

0

0

0

0

1

0

‣ Each word is assigned an index  
‣ Each word is represented by a feature 

vector where: 

‣ Only the -th feature is ; 

‣ All other features are 

k

k 1
0

k

k

k

k
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[
0
0
0]

0
0
1
0

0.3
−0.1
0.9

0.1
0.4
0.2
0.3

0
1
0
0

[
1.0
0.3

−0.1]

0.9
0.0
0.1
0.0

1
0
0
0

0.1
−0.5
−0.3

0.0
0.1
0.2
0.7

0.35 0.04 0.12

Lucas is a

x<1> x<2> x<3>

̂y<1> ̂y<2> ̂y<3>

is

0
1
0
0

y<1>

a

1
0
0
0

y<2>

professor

0
0
0
1

y<3>

h<0>

h<1> h<2>

Lucas is a professor

Language Model: Forward

h<t> = tanh(Whh<t−1> + Wxx<t> + bh)

̂y<t> = softmax(Wyh<t> + by)

L<t>( ̂y, y) = −
t

∑
i=1

d

∑
j=1

y<i>
j log ̂y<i>

j

= −
t

∑
i=1

y<i>
k log ̂y<i>

k

k

k
k

= −
t

∑
i=1

log ̂y<i>
k
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Z<1>
h = Whh<0> + Wxx<1> + bh

L( ̂y<1>, y<1>)

̂y<1> = softmax(Z<1>
y )

Z<1>
y = Wyh<1> + by

x<1>

h<1> = tanh(Z<1>
h )

Wh Wx bh

Wy

Language Model: Computational Graph

Z<3>
h = Whh<2> + Wxx<3> + bh

L( ̂y<3>, y<3>)

̂y<3> = softmax(Z<3>
y )

Z<3>
y = Wyh<3> + by

x<3>

h<3> = tanh(Z<3>
h )

Wh Wx bh

Wy by

Z<2>
h = Whh<1> + Wxx<2> + bh

L( ̂y<2>, y<2>)

̂y<2> = softmax(Z<2>
y )

Z<2>
y = Wyh<2> + by

x<2>

h<2> = tanh(Z<2>
h )

Wh Wx bh

Wy byby
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Z<t>
h = Whh<t−1> + Wxx<t> + bh

L( ̂y<t>, y<t>)

̂y<t> = softmax(Z<t>
y )

Z<t>
y = Wyh<t> + by

x<t>

h<t> = tanh(Z<t>
h )

Wh Wx

bh

Wy

Backward timestep t

by

∂L
∂L

= 11.

∂L
∂ ̂y<t>

=
∂L

∂ ̂y<t>
⋅

∂L
∂L

2.

∂L
∂Z<t>

y
=

∂ ̂y<t>

∂Z<t>
y

⋅
∂L

∂ ̂y<t>
3.

∂L
∂by

=
∂Z<t>

y

∂b<t>
y

⋅
∂L

∂Z<t>
y

4.

∂L
∂Wy

=
∂Z<t>

y

∂W<t>
y

⋅
∂L

∂Z<t>
y

5.

∂L
∂h<t>

=
∂Z<t>

y

∂h<t>
⋅

∂L
∂Z<t>

y

6.

∂L
∂Z<t>

h
=

∂h<t>

∂Z<t>
h

⋅
∂L

∂h<t>7.

∂L
∂b<t>

h
=

∂Z<t>
h

∂b<t>
h

⋅
∂L

∂Z<t>
h

8.

∂L
∂Wx

=
∂Z<t>

h

∂Wx
⋅

∂L
∂Z<t>

h

9.∂L
∂Wh

=
∂Z<t>

h

∂Wh
⋅

∂L
∂Z<t>

h

10.

∂L
∂ ̂y<t>

= −
y<t>

̂y<t>

∂L
∂Z<t>

y
= ̂y<t> − y<t>

∂Z<t>
y

∂Wy
= h<t>,

∂Z<t>
y

∂by
= 1,

∂Z<t>
y

∂h<t>
= WT

y

∂h<t>

∂Z<t>
h

= 1 − (h<t>)2

∂Z<t>
h

∂Wh
= h<t−1>,

∂Z<t>
h

∂bh
= 1,

∂Z<t>
h

∂Wx
= x<t>
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Z<t>
h = Whh<t−1> + Wxx<t> + bh

L( ̂y<t>, y<t>)

̂y<t> = softmax(Z<t>
y )

Z<t>
y = Wyh<t> + by

x<t>

h<t> = tanh(Z<t>
h )

Wh Wx

bh

Wy

Backward timestep t

by

∂L
∂L

= 11.

∂L
∂ ̂y<t>

= −
1
̂y<t>
r

2.

∂L
∂Z<t>

y
= ̂y<t>

r − 13.

∂L
∂by

= ̂y<t>
r − 1

4.

∂L
∂Wy

=
∂L

∂Z<t>
y

⋅ (h<t>)T
5.

∂L
∂h<t>

= WT
y ⋅

∂L
∂Z<t>

y

6.

∂L
∂Z<t>

h
= (1 − (h<t>)2) ⊙

∂L
∂h<t>7.

∂L
∂bh

=
∂L

∂Z<t>
h

8.

∂L
∂Wx

=
∂L

∂Z<t>
h

⋅ (x<t>)T
9.∂L

∂Wh
=

∂L
∂Z<t>

h
⋅ (h<t−1>)T

10.

∂L
∂ ̂y<t>

= −
y<t>

̂y<t>

∂L
∂Z<t>

y
= ̂y<t> − y<t>

∂Z<t>
y

∂Wy
= h<t>,

∂Z<t>
y

∂by
= 1,

∂Z<t>
y

∂h<t>
= WT

y

∂h<t>

∂Z<t>
h

= 1 − (h<t>)2

∂Z<t>
h

∂Wh
= h<t−1>,

∂Z<t>
h

∂bh
= 1,

∂Z<t>
h

∂Wx
= x<t>



16https://gist.github.com/karpathy/d4dee566867f8291f086

Andrej Karpathy’s Minimal Character Level RNN

https://gist.github.com/karpathy/d4dee566867f8291f086
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Exploding/Vanishing Gradients
When processing large sequences, RNNs can suffer from exploding or vanishing gradients:

Backpropation thought time makes a series of multiplications of  by itself (line 58): 
‣ If the weights of  > 1  exploding gradients 
‣ If the weights of  < 1  vanishing grandients

Wh
Wh →
Wh →

h<0>

x<1>

h<1>

̂y<1>

x<2>

h<2>

̂y<2>

x<T>

h<T>

̂y<T>

L<1> L<2> L<T>

Wy

  Wh

  Wx
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Long-Short Term Memory (LSTM)

Sepp Hochreiter and Jürgen Schmidhuber. "Long short-term 
memory." Neural Computation MIT-Press (1997).

f <t> = σ(Wfhh<t−1> + Wfxx<t> + bf )

i<t> = σ(Wihh<t−1> + Wixx<t> + bi)
C̃<t> = tanh(Wchh<t−1> + Wcxx<t> + bC)
C<t> = f <t> ⊙ C<t−1> + i<t> ⊙ C̃<t>

o<t> = σ(Wohh<t−1> + Woxx<t> + bo)
h<t> = ot ⊙ tanh(C<t>)

LSTM are complex RNNs to handle vanishing/exploding gradients

h<t> = tanh(Whh<t−1> + Wxx<t> + bh)

Forget Gate
Input Gate

Output Gate

RNN Hidden Layer :

LSTM Hidden Layer :

Cell State
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LSTM: Cell State and Gates
The key to LSTMs is the cell state , which can be seen as another hidden state: 
‣  It runs straight down the entire sequence, with only some minor linear interactions.  
‣  It’s very easy for information to just flow along it unchanged.

C<t>

‣ Forget, Input, and Ouput Gates 

‣ Implemented as a sigmoid ( ) 
units and pointwise multiplication

σ

The gates control what information gets removed or 
added to the cell state:
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f <t> = σ(Wfhh<t−1> + Wfxx<t> + bf )

The first step is to decide what information we’re going to throw away from the cell state 

‣ This decision is made by a sigmoid layer called the “forget gate layer.”

LSTM: The Forget Gate

f <t> = σ(Wfhh<t−1> + Wfxx<t> + bf )

i<t> = σ(Wihh<t−1> + Wixx<t> + bi)
C̃<t> = tanh(Wchh<t−1> + Wcxx<t> + bC)
C<t> = f <t> ⊙ C<t−1> + i<t> ⊙ C̃<t>

o<t> = σ(Wohh<t−1> + Woxx<t> + bo)
h<t> = ot ⊙ tanh(C<t>)

LSTM Hidden Layer :



f <t> = σ(Wfhh<t−1> + Wfxx<t> + bf )

i<t> = σ(Wihh<t−1> + Wixx<t> + bi)
C̃<t> = tanh(Wchh<t−1> + Wcxx<t> + bC)
C<t> = f <t> ⊙ C<t−1> + i<t> ⊙ C̃<t>

o<t> = σ(Wohh<t−1> + Woxx<t> + bo)
h<t> = ot ⊙ tanh(C<t>)
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i<t> = σ(Wihh<t−1> + Wixx<t> + bi)
C̃<t> = tanh(Wchh<t−1> + Wcxx<t> + bC)

LSTM: The Input Gate
The next step is to decide what new information we’re going to store in the cell state: 

1. The input gate decides which values we’ll update; 

2. A  unit creates a new candidate state  that could be added to tanh C̃<t> C<t>

LSTM Hidden Layer :



f <t> = σ(Wfhh<t−1> + Wfxx<t> + bf )

i<t> = σ(Wihh<t−1> + Wixx<t> + bi)
C̃<t> = tanh(Wchh<t−1> + Wcxx<t> + bC)
C<t> = f <t> ⊙ C<t−1> + i<t> ⊙ C̃<t>

o<t> = σ(Wohh<t−1> + Woxx<t> + bo)
h<t> = ot ⊙ tanh(C<t>)
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C<t> = f <t> ⊙ C<t−1> + i<t> ⊙ C̃<t>

LSTM: Updating the Cell State
It’s now time to update the old cell state:  

1. Multiply the old state  by   to forget the information we decided to forget earlier 

2. Sum  to include the new information that is coming in  

C<t−1> f <t>

i<t> ⊙ C̃<t>

LSTM Hidden Layer :
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o<t> = σ(Wohh<t−1> + Woxx<t> + bo)
h<t> = ot ⊙ tanh(C<t>)

LSTM: The Ouput Gate
Finally, we need to decide what we’re going to output: 

1. The output gate decides what parts of the cell state we’re going to output.  

2. Pass updated  state through  and multiply it by the ouput gate, so we output only the parts we decided to.C<t> tanh

f <t> = σ(Wfhh<t−1> + Wfxx<t> + bf )

i<t> = σ(Wihh<t−1> + Wixx<t> + bi)
C̃<t> = tanh(Wchh<t−1> + Wcxx<t> + bC)
C<t> = f <t> ⊙ C<t−1> + i<t> ⊙ C̃<t>

o<t> = σ(Wohh<t−1> + Woxx<t> + bo)
h<t> = ot ⊙ tanh(C<t>)

LSTM Hidden Layer :
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Gated Recurrent Unit (GRU)
The GRU combines the forget and input gates into a single “update gate” and merges the cell 
state with hidden state:

z<t> = σ(Wzhh<t−1> + Wzxx<t> + bz)

r<t> = σ(Wrhh<t−1> + Wrxx<t> + br)
h̃<t> = tanh(Whhh<t−1> + Whxx<t> + bh)
h<t> = (1 − z<t>) ⊙ C<t−1> + z<t> ⊙ h̃<t>

GRU Hidden Layer :
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Bidirectional RNN

Schuster, Mike, and Kuldip K. Paliwal. "Bidirectional recurrent neural networks." IEEE transactions on Signal Processing 45.11 (1997): 
2673-2681.

Named Entity Recognition  
“Teddy Bears are on sale!” 
“Teddy Roosevelt was a great president!”

h <0>

x<1>

h <1>

̂y<1>

x<2>

̂y<2>

x<T>

̂y<T>

h <1> h <2> h <2> h <T> h <T> h <0>

̂y<t> = g(Wy[ h <1>, h <1>] + by)

Bidirectional RNNs process sequences from forward and from backward to build a context in both 
directions.

?

Hidden layer can have any 
recurrent structure: 
‣ RNNs, LSTMs, GRUs ….
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Deep RNNs

h [1]<0>

x<1>

h [1]<1>

̂y<1>

x<2>

̂y<2>

x<T>

̂y<T>

h [1]<2> h [1]<T>

To create deeper RNNs, we can stack 
hidden layers on top of each other

h [2]<0> h [2]<1> h [2]<2> h [2]<T>

h [L]<1> h [L]<2> h [L]<T>h [L]<0>

Hidden layer can have any 
recurrent structure: 
‣ RNNs, LSTMs, GRUs …. 
‣ Biderectional



Next Lecture

L15: Word Embeddings 

Learning vector representations for words
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