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L.3: Linear Regression
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» I've included lecture notes and readings on the course webpage
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» Machine Learning
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» Unsupervised Learning
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p Supervised Learning Algorithms
» Hypothesis space
» Loss function
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ecture outline

» Univariate Linear Regression
» Hypothesis space
» Loss function
» Gradient Descent
» Derivatives
» Partial Derivatives
» Chain Rule

» Gradient Descent for Univariate Linear Regression
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Problem 1: House price Prediction

Consider the problem of predicting the price of a house based on its size in squared meters:

Dataset D .
X y
(size m) (Price in 1000's USD) 600 -
55 144 a 500 -
61 200
84 293 :
95 196
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Linear Regression

In Linear Regression, we want to find a linear function A(x) that best fits the dataset D

» Hypothesis space H:
h(x) =wx+b

us

) Lossfunctmn L(h)
L(h) = Z(h(x“)) y®)?

Mean Squared Error

nds

Price (thousa
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700 A

600 A
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300 -

200 -
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Hypothesis Space

» Hypothesis space H:
h(x) =wx+b

h(x) = 1.5

St =
1l
— O
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h(x) = 0.5x

h(x) =05x+1




Loss Function  ean Squared Ero

. | . .
— — (1) _ ,(D\2
» Simplified hypothesis(b = 0) L) Ym ; (wx y)
h,(x) = wx |
4 .
3- X B
X 2- X 3
1- X }
, : w=>0 : |
0 = - : g .. . . . . .
0 1 2 3 4 —-0.5 0.0 0.5 1V.VO 1.5 2.0 2.5

1
L(h,) = ﬁ(o — 1)+ (0 — 2)* + (0 — 3)* = 2.333
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Loss Function  ean Squared Ero

. 1 < . .
— — (1) _ ,(D\2
» Simplified hypothesis(b = 0) L) Y'm ; (wx y)
h,(x) = wx |
4 .
3- . :
w=0.5 |
.:c% 2 - X 23
1 X |
(O s a a a 0~ . . i i .
0 1 2 3 4 —-0.5 0.0 0.5 1v.v0 1.5 2.0 2.5

1
L(h,) = ﬁ(o.s — 12+ (1 =2)?+ (1.5 — 3)* = 0.583



Loss Function

» Simplified hypothesis(b = 0)

h,(x) =wx
4
w=1

3 - X
X2+ X
L

1 - X

0= a

0 1 2 3
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» Mean Squared Error
n

1 . .
L(h,) = Ey" 2 (wx — y¥)?
i=1

X

205 0.0 0.5 L0 1.5 2.0 2.5
w

L(h,) = 213(1—1)2+(2—2)2+(3—3)2=0



Loss Function  ean Squared Ero

. 1 & . .
— — (1) _ ,(D\2
» Simplified hypothesis(b = 0) L) m Z:' (wx y)
h,(x) = wx |
4 N
3- x _
_:C% 27 " E 53
1- : 5 i
OT 31 i 3?. 4 255 0.0 0.5 1.0 1.5 2.0 2.5

1
L(h,) = ﬁ(—0.5 — 1)+ (—=1=-2)*+(-15-3)*=525
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Loss Function

» Simplified hypothesis(b = 0)

h,(x) =wx

4

3_
X2+ X
L

1 - X

O — a

0 1 2

» Mean Squared Error

1 < . .
L(h,,) = Ey" 2 (wx® — y®)?
i=1

=3
—
2_
) X X
O T T — Ty " - T T
-0.5 0.0 0.5 1.0 1.5 2.0

> Convex function
Only one (global) minimum!

2.5
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Loss Function (complete) /1

» Complete hypothesis: i(x) = wx + b

n

. 1 . .
Loss function L(h) = — Y (h(xY) — yW)
g 2m =

Rio de Janeiro House Prices

L(w, b) x 1e8

Price (thousands USD)

007 w=18b=50
— = 2.5, b =100
—w=3.0b=0
800 -
\ N
700 - X 750 - %,
X % %
00 ‘)0
xX 2
500 - N
600 - .
00
000
250
500 - x
0 7 v £ x x
e 000 000
400 - 2, %
v
~250 - %,
Y %
~500 - %, @
200 - ~750 - \
—1000 \l\ T T T T T T
) -10.0 -7.5 -5.0 -2.5 0.0 2.5 5.0 7.5

50 100 150 200 250 300
House Size (square meters)



Gradient Descent

Price (thousands USD)

UF

Start with given w, b values and iteratively
es in the direction of steepest

update these vall

descent of L unti

we settle at or neara minimum

Rio de Janeiro House Prices

ow to calculate the direction of

700 - X
X
X
600
500
X X
X
%
400 - % X g
X X
X X
300 - T BT e R
X X %
| X
200 - X VR S
X
' X
= i
50 100 150 200 250 300

House Size (square meters)

movement? Gradient vector!

L(w, b) x 1e8
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Gradient Vector

UF

L(w, b) x 1e8

The gradient vector V L of a multivariate function
L(w{,w,,...,w,)isavector where each element

V L;is the partial derivative of L with respect to w;:

oL
0W1

oL
VL = | I

oL

aWd

The vector V L(w) points to the direction of fastest
increase of L at point w.
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Derivatives The derivati

ve of a function L at the point x = a represents

the slope of the tangent line to that function at the point a
f(x) f(x) = 3x h = 0.001
‘ ~ height fx+ h) — f(x) x=72 f(x) =6
slope = ——— P Xx+h=2001  f(x+h)=6.003
0.003 x=35 fx) =15
6.003 == t — —
‘ 0,003 - 0.001 : x+h=5001  f(x+h)=15.003
6 - —
Py df(x) o .
L q =3 —— Thederivative of f(x)atx = 2is3
o X

2 2.001
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How much f(x) is affected when we add a tiny variation uma h
to Xx.

In Calculus, this variation A is infinitely small:

dftx) _ - for ) = f@)

dx h—0 h
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Derivatives
1) flx) = x?
1
4.004 e :
T T 3;10'0(:.1001
0 2 2.001
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The derivatl

ve of a function L at the point x = a represents

the slope 0

" the tangen

h = 0.001
x=2
x+h=2001  flx+h) =4.004 dx  0.001

x=2>5

fx) = 25 dfo _ 00010 _
x+h=5.001 flx+ h) =25.010 dx  0.001
df(x)  dx?
= — =12
dx dx

Cline to that function at the point a

fx) =4 dfr) _ 0.004 _
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Derivative Rules

1. Constant Rule:

d
%(C) = ()
2. Constant Multiple Rule:
d :
= [ef(2)] = f (2
3. Power Rule:
i(ac”) = nx 1
dx B
4. Sum Rule: p
(@) + (@) = @) + ¢/ (@)

UF

5. Difference Rule:

6. Product Rule:

7. Quotient Rule:

8. Chain Rule:
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Pa I'tia| DGI‘iVﬂtiVQS The partial derivative of a multivariate function

f(xl,xz, . ,xd) IS Its derivative with respect to one of its
variables x; and represents the rate of change of the

2 2 function in the x;-direction.
Jx1, %) = x{ + x5

(X1, %) = (2, 5)

of(x;,x,)  OxZ  Ox?
vf P =L 42 — 2y +0 =2 =2X2 =4
\ axl axl 0)61
\ '& |
h 4\ ) 2
h s 44 of(xy,xy)  OXi  0X;
= | =0+2x, =2x, =2 = 10
3\ dXz dX2 aX2 2 2 X >

X1 The gradient vector Vf(x,, x,) is defined by the partial derivatives of f(x;, x,)

s of(xy, X,)
X) Vi = | =77 = |4
15727 = of(x, x,) B 2.X2 B 10
0Xx,
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Chain rule

) 3 To calculate the derivative of composite function f(g(x)) .
f(X) — (X T 1) we must use the chainrule:
Internal function: i — i : d_g
dx dg dx
g(x) =x"+1 %zh >
X

The derivative of the composite function f(g(x)) is the
product of the derivative of the external function f with

flg(x) = gx)° % = 3(g(x))* respect to g by the derivative of the internal function g with
5 respect to x.

External function:

Y _ G A ) 2o g2
x o de dx 3(xc+ 1) - (Z2x) = 6x(x” + 1)
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Gradient Descent

w1, (1) 14,2) 1,,03) 4,4

Start with given w, b values and iteratively
update these values in the direction of steepest

descent of L:

oL

W, << W, 1 — O!E
b, — b,_; — aa—L
[ —1 ab

where &t is a hiperparameter called learning rate,
that controls the length of the gradient vector.

20



earning Rate

> Gradient descent

oL

W, <= W, 1 — C(%
b, — b,_, — aa—L
[ —1 ab

UF

L(w)

L(w)

Large learning rate
Fast convergence, but suboptimal!

Small learning rate
Slow convergence and can get
stuck in local minima!
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Calculating the gradients for linear regression

oL 0 1 & | . 0o 1 & | | 0 0
Y= _ @)y _ v\ — ) 4 1 vD\2 = 2(wxWD + b —yDy. —yx®d 4 p —
~ aWzmg}(h(x) y ) awzm;(wx +b—y) &Wzm; ( y0 - — y®
0
Z2(wx(l)+b y@) x® =_Z(h(x<z>) ) xO
aw 2ml 1 —
oL i 0 1 & 0
(i) (N2 — (i) (i))2 2(wx®D + b —yDy . —yx® 4 p —
ob demz(h(x) ) 6b2mz(wx to=y") 8b2mlzl ( A Yo
0 Z 2 (wx®@ 4+ b —y@y = 1 i (h(x®D) — y©)
&w 2m Y m Y
=1 =1
UF
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Gradient Descent for Linear Regression

def optimize(x, y, lr, n_iter): Linear Regression
h(x) =wx+ b
w, b=20, 0

Loss function

1 ¢ | |
_ i)y _ ()2
L) = = izzl, (h(x*) = y™)

for t in range(n_iter):

y_hat = np.dot(w,x) + b

dw = (1 / m) % np.sum((y_hat - y) *x x) Garzdientl n
db 1 / m) x np.sum(y_hat - y) 0 .
— =— ) (h(x") — y*“)x
ow m z=21 Y
w=w-— Lr x dw
oL 1 ¢ . ,
b =Db - 1r % db
—_— = — hx(l) _ (l)
= = 2, () =)
return w, b I
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Next Lecture

L4: [ ogistic Regression

A linear model for linearly separable classification problems

UF

24



